INTRODUCTION
The Gelfand duality theorem states that the functor from the category of compact T2 spaces to the category of commutative C*-algebras, obtained by assigning to each compact Ti space X the commutative C*-algebra C(X) of continuous complex functions on X, determines a duality between these categories. The dual functor is that obtained by assigning to each commutative C*-algebra A the compact T2 space Max A consisting of the maximal ideals of A endowed with the hull-kernel topology (of which the subsets of Max A of the form D(a) -{M £ Max . A | a (fc M} for each a £ A form a basis of the topology). It may be remarked that the maximal ideal space of a commutative ring A is generally neither T2 nor functorial on the category of commutative rings. The existence of this functor therefore depends on particular preperties of commutative C7*-algebras. To extend the Gelfand duality to (not necessarily commutative) rings, Mulvey [4] introduced the following notion: a ring A is called Gelfand if for any two distinct maximal right ideals M and M', there exist elements a (£ M and a' ^ M' such that aAa' = 0. It was shown in [4] that although the definition might appear to be that of a right Gelfand ring, the condition would turn out to be equivalent to that in terms of maximal left ideals and that the maximal ideal space of any Gelfand ring is compact T2 , and that the assignment to each ring A of the maximal ideal space Max A is functorial on the category of Gelfand rings and ring homomorphisms. In fact, Mulvey obtained the following: 188 S-H. Sun [2] THEOREM. [4] .
Tie functor from the category of compact local ringed spaces to the category of Gelfand rings, obtained by assigning to each ringed space (X,Ox) the ring of sections O X (X), determines a duality between these categories.
It may be remarked here that, although Mulvey's definition of Gelfand rings is sensible only in the presence of the maximal ideal Theorem (MIT) -whose validity for all rings is logically equivalent to the Axiom of Choice (AC) -it is possible to give another description of Mulvey's duality by using only the Prime Ideal Theorem (PIT) -which is strictly weaker than AC. It is also possible to extend Gelfand-Mulvey's duality to a wider class of rings. These are the main purposes of this paper.
In general, the inverse image of a maximal (right) ideal under a ring homomorphism need not necessarily be a maximal (right) ideal; for rings which are not commutative, the inverse image need not even be a prime ideal. For Gelfand rings, Mulvey has shown that the inverse image of a maximal right ideal determines a unique maximal ideal since each maximal right ideal is completely prime (an ideal P of a ring R is called completely prime if ab £ P implies that o 6 P or i 6 P ) and the inverse of a completely prime ideal under a ring homomorphism is clearly completely prime. But a maximal ideal is not necessarily completely prime, even for strongly harmonic rings (a ring R is called strongly harmonic if for any two distinct maximal 2-sided ideals M and M', there exist elements a fi M and a' £ M' such that aAa' = 0 [2] ). However, we shall show that each ring homomorphism / : -Ri -> R2, where Ri and R2 are strongly harmonic rings such that each maximal 2-sided ideal contains a symmetric ideal (an ideal I of R is called symmetric if abc 6 / implies acb E I) induces naturally a continuous mapping from Max R2 to Max Ri.
MAIN RESULTS
Throughout the paper, all the rings are assumed to have identity and are not necessarily commutative. First we discuss a kind of ring which includes the class of strongly harmonic rings without using the Axiom of Choice (AC), and is the same using AC. As usual, if R is a ring, then Spec R denotes the space of all prime 2-sided ideals of R endowed with the hull-kernel topology. Define S : Id R -> Id R by [3] 
In fact, if h+I 2 € Fp, then I x +(I 2 + P) = R by definition. Then by Lemma 1, there are J X ,J 2 eldR such that Ji+h = R = J 2 +I 2 +P and S(Ji)S{J 2 ) C 5(0). Moreover, we have either J\ C P or J 2 C P since P is prime and hence either I x + P = R or I 2 + P = R, which implies either I\ £ Fp or 
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Now we define a mapping m : SpecR -> MaxR by sending each P 6 Spec R to Mp <E Max-R. It remains to show that m is continuous. Let 0 / be the set of all prime 2-sided ideals which do not contain I, where / 6 Id JR. Then Oj is a basic open subset of Spec R and it is easy to check that 0 / = Os(i) • Choose an 0 / with m(P) £ Or n MaxJ?. Then m{P) ^ I so that I + P = R, and hence there are Ji,J 2 S idR such that S(Ji)S(J 2 ) Q S(0) and Ji + / = R = J 2 + P ; this means J 2 <2 P . We claim that Oj 2 C m^O / H Max .R).
In fact, if P' 6 Oj 2 , that is, P> 2 S(J 2 ), then P ' 2 S(Ji) since SiJ^S^) Q 5(0) and P 1 is prime. Thus P' + I = R so that / 6 -Fp/ and / £ m(P'). Hence m is continuous and this completes the proof. D
COROLLARY 1 . Let R be a ring such that IdR is normal and suppose that PIT holds. Then each prime 2-sided ideal of R is contained in a unique maximal 2-sided ideal.
As immediate consequences, each non-empty closed subset of SpecR contains a maximal ideal and Max R is a non-empty compact T% space. As an immediate consequence, the maximal right ideal space Max r R of R is a non-empty retract of the spectrum Spec r R of right ideals of jR. Now we study the tinctorial property of the assignment to each strongly harmonic ring of its maximal ideal space. Recall that an ideal I of a ring R is symmetric if abc £ / implies acb £ I for any a,b,c £ R. Then a ring R is called feebly symmetric if each maximal ideal (if it exists) of R contains a symmetric ideal.
Clearly a Gelfand ring is strongly harmonic, and since its maximal right ideal is symmetric, it is also feebly symmetric.
The existence of the sheaf representation of a strongly harmonic ring was established first by Koh [2] and then by Simmons [7] . We shall use the description provided by Simmons. Let R be a ring. Since the ringed space (X, Ox) is quasi-local, the stalk of Ox at each x £ X has a unique maximal 2-sided ideal. Moreover, at any x £ X, the stalk of Ox is isomorphic to the ring-R of global sections factored by the ideal {a £ R | a x = 0}. The elements x and x' in X corresponding to two distinct maximal ideals are therefore distinct. Since X is compact and T 2 , there exist two disjoint open neighbourhoods U and U' of x and x' in X, respectively. By the compactness of the ringed space (X,Ox), there exist a, a' £ R having supports in U and U' respectively, and such that a x -1 and a x i = 1 [5, Theorem 1.2]. Then a ^ M and a' ^ M'. Furthermore, any product of elements of R which contains both a and a' in its expression must be zero, and so aRa' = 0. Hence R is strongly harmonic and satisfies MIT and so Idi? is normal, using Theorem 2. Now, suppose in addition that (X, Ox) is feebly symmetric and [7] Gelfand duality 193 M e MaxiZ. Then there is x £ X such that M D {a £ R \ a x = 0} and hence the stalk Ox,x is isomorphic to the ring R factored by the ideal {a £ R \ a x = 0}. Since each stalk is feebly symmetric, it follows that M contains a symmetric ideal of R so that R is feebly symmetric. This completes the proof. U
The converse is also true. We need the following results where we need to use Zorn's Lemma: LEMMA 4 . Let R be a ring with Id R normal. If I is a symmetric ideal of R, then the minimal prime 2-sided ideal containing I is completely prime and every maximal 2-sided ideal containing I contains a completely prime ideal which contains I.
PROOF: Since R/I is a symmetric ring, each minimal prime 2-sided ideal of R/I is completely prime (see [8, Lemma 3 .2], [1] or [3] ). The existence of minimal prime ideals is guaranteed by Zorn's Lemma. U
THEOREM 5 . If R is a ring satisfying IdR is normal, then the ringed space (Max. R, OMB.X R) is compact and quasi-local. In addition, if R is feebly symmetric, then Zorn's lemma implies that each stalk of (Maxil, OMUXR) is feebly symmetric.
PROOF: First we note that MaxiZ is a non-empty compact T 2 space. Next, for any two distinct Mi and Mi in Maxil is a quasi-local follows from the fact that each maximal ideal of R contains the ideal Wir (M) for a unique M 6 MaxiZ by Lemma 3(ii).
Finally, if, in addition, R is feebly symmetric, then for the last assertion, it suffices to show that each maximal 2-sided ideal of R contains a completely prime ideal, the fact of which follows from Lemma 4. This completes the proof. U REMARK. If R is a ring satisfying the lattice Id r .R of right ideals of R is normal, then PIT suffices to imply that (Max R, OM*XR) is a compact local ringed space, in the sense of Mulvey [4] .
Thus, using AC, we then can show that the assignment to each ring R of its compact quasi-local ringed space (MaxiZ, OM&XR) determines a functor from the dual of the category of strongly harmonic rings to the catogory of compact quasi-local ringed spaces. However, to show that the restriction of the above assignment to the subcategory consisting of those rings R such that Id r R is normal, determines a functor, we need to use only PIT. To do this, we need one more notion. For each maximal 2-sided ideal S-H. Sun [8] Then we observe that
Let Q D / where Q £ Qcp R; we have to show that fi(Q) £ T'. We first observe that if Q is a prime 2-sided ideal and
then the unique maximal 2-sided ideal containing Q is in T. In fact, we see that Q + F is an ideal contained in B; hence there is a maximal 2-sided ideal M which contains Q + F. Since M D F and !F is closed, thus M £ T. Moreover, M is the unique maximal ideal containing Q. Now we want to find a prime 2-sided ideal P which is contained in QflB (and hence fiP = fiQ is in T, as required). Consider the multiplicative system We claim that S does not contain 0. Suppose that 5i<iS2^2 • • • s n t n -0 6 <S. Put tiih -in-Then t $ Q, since Q 6 Qcp R. Hence there exists P' 6 Cspec RHfJ,' 1^) such that t (fc P 1 . Since P' C B, it follows that each a,-£ P', and since P' is a completely prime ideal, we conclude that S1S2 • • • s n 4-P' J a contradiction. Hence there exists a prime ideal P disjoint from the multiplicative system, and so, in particular, PROOF: Let T be a closed subset of Qcp R, and put F = r){P | P e T} and / = f|{M | Q M G F).
We have to show that if M £ Max.R with M D I, then Q M € T. First we see that F C. I and F is a union of symmetric ideals since it is the intersection of unions of prime symmetric ideals. Now let M be a maximal ideal containing I. Since F C I, M contains F so that PM 2 F by Lemma 5 and hence PM 6 T since T is closed. Thus the proof is completed. REMARK. We still do not know whether a feebly symmetric strongly harmonic ring is Gelfand.
